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concealed much of the fecal material. As many as 622
seeds were recorded in a single fox scat, indicating that
foxes consume sufficient seeds of autumn olive to be im-
portant in seed dispersal. Our findings are in agreement
with Yearsley and Samuel (1980), who found that fox scats
deposited on surface mines during October were com-
posed almost entirely of autumn olive seeds. Using radio
telemetry they also located gray foxes on mine habitat
planted to autumn olive during 18 and 25 percent of the
daytime and nighttime attempts, respectively.

TABLE 1. Autumn olive seeds removed from fox scats
collected from the Ollis Creek surface mine
Srom November 1979 to April 1980.

Honths No. of Mean No. of Standard Range in No.

1979-1980 Scats Seeds/Scat/Month Deviation of Seeds/Scat

November 35 218.0 144 0 to 583
December 41 196.0 118 0 to 447
January 20 174.0 +180 0 to 622
February 3 22.0 29 0 to 056
March 15 182.0 +128 0 to 363
April 3 0.3 t 1 0 to 001

Because both red and gray foxes have large home ranges
(Ables, 1969; Sheldon, 1950), seed-laden scats may poten-
tially be deposited several miles from the point of origin.
However, Yearsley and Samuel (1980) calculated home
range sizes of 75 to 125 hectares for gray foxes utilizing
surface mines in West Virginia and concluded that use of
the mines was highest in fall and lowest in summer. Our
findings suggest that autumn olive seed dispersal by foxes

would tend to be relatively localized. Some of the other
animals that consume autumn olive berries contribute to
the dispersal of seeds.

Autumn olive shrubs begin fruit production the second
growing season after planting, and dispersal of the plant to
other portions of thé mine by animals could begin at that
time. Our study did not test seed-laden fox scats for germi-
nation potential under natural conditions. However, large
numbers of seedling autumn olive shrubs that were off-
spring of the original plantations have been observed on
the Ollis Creek mine, indicating that autumn olive seeds
did successfully germinate on surface mines. Con-
sequently establishment of even small numbers of autumn
olive shrubs on coal surface mines may significantly in-
crease the availability of food and cover and greatly im-
prove the quality of habitat for wildlife.
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ABSTRACT

Thermal runaway in coaxial cylindrical chemical reac-
tors is examined theoretically. The equation governing the
temperature distribution is linearized and solved in the
steady state case and the conditions required for the solu-
tion to become infinite (thermal explosion) are ascer-
tained. A Green’s function method is used to obtain ther-
mal runaway conditions in coaxial tubular reactors of finite
length. Results and limitations of the calculations are dis-
cussed.

INTRODUCTION

It is common practice in chemical kinetics to assume
that the temperature of the reaction mixture in a vessel is
equal to the temperature of the thermostat in which the
vessel is immersed. This, of course, cannot possibly be
true for reactions taking place at a finite rate and having a
non-zero value for AE, since a temperature gradient is
necessary to cause heat to flow from the reaction mixture
to the thermostat (in the case of exothermic reactions) or
vice versa. Benson has explored this phenomenon in some
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detail for the case in which the reaction vessel is spherical
and the temperature differences are small enough that the
rate of the reaction can be regarded as unaffected by them
(Benson 1954 and Benson, 1960). We then carried out an
analysis of temperature gradients in cells of spherical, slab,
infinite cylindrical, and finite cylindrical geometries for
reactions for which the temperature dependence of the rate
must be taken into account (Wilson 1958). In these
analyses it is assumed that heat transfer takes place by
conduction only-that convection can be neglected. The
general differential equation governing temperature gra-
dients in such reacting systems is given in Hirschfelder,
Curtiss, and Bird (1954). Benson (1954) and Benson and
Axworthy (1957) found this approach to be in good agree-
ment with data on ozone and azomethane decompositions.

Work on thermal explosions in chemical reactors pre-
dates these studies on temperature gradients, and is sum-
marized in Benson’s book (1960). The first worker to ad-
dress this problem was Semenoff (1935). Frank-
Kamenetskii (1955) and Rice (1940) examined the differ-
ential equation governing the temperature in reacting mix-
tures to determine the conditions under which the solu-
tions to the steady-state problem fail to exist and one has
an explosion; they examined spherical and infinitely long
cylindrical cells. The Russian work has been summarized
by Kondratiev (1964).

We address here the problem of calculating the condi-
tions for thermal runaway in cylindrical reactors having a
cooling tube located coaxially in the reactor and main-
tained at the temperature of the thermostat surrounding
the reactor. Such geometry permits the constuction of
cylindrical reactors of larger capacity than would be possi-
ble if a coaxial cooling tube is not used and the reaction
may undergo thermal runaway. We consider only heat
transfer by conduction.

ANALYSIS

The differential equation governing the temperature in a reacting mixture
in which a second-order reaction is occurring and heat transfer is by conduction
only is given by e

¢ Tu koPr - oA ex{r?:)clcz W

where

¢ = specific heat of reaction mixture

T

temperature

t = time

K = thermal conductivity

AE = energy change of the reaction per mole of reactant 1 consumed
E

a
Aexp\lor] g = - acl/at

A = rate constant pre-exponential factor, cm® note”! sec'1

E, = activation energy of reaction
e = concentration of reactant 1, moles/cm:"
€y = concentration of reactant 2

Tg = temperature of thermostat

We define a new dependent variable,

t=T-T
o
which converts Eq. (1) into
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We then expand the exponential in ascending powers of 7, and keep terms only

through first order in t1; this yields
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and assume that cj and ¢ do not change significantly during the time period
of interest. We shall also look for the steady state solution, for which
3t/3t = 0; this gives

0= rsgrea (@
We consider an annular reactor of inner radius rj, outer radius rp, and length
2, so that r] < r <71y and -£/2 ¢ 2 ¢/2. Our boundary conditions are

T (r), 27 = (ry,z) = t(r, -2/2) = t(r, ¢/2) = 0 ’ (5}

We digress here briefly to consider the case where t is sufficiently

large that we can treat our reactor as infinitely long. Eq. (4) then becomes

1d dt
OcrratE CRe (6)

The substitution Bt + & = BR then yields
1d dR

LS Ak ™
and we have as boundary conditions
R(ry) = a/B 8)
R(r,) = o/8
Eq. (7) can be rewritten as
r2dR + rdR + Br2R = 0 9)
drZ ar

which is Bessel's equation of order zero, with solution

R(P) = gly(8%r) + WY (e%r) 10
where Jg and Y, are Bessel functions of the first and second kind, as de-
scribed in various standard texts (10). This solution must satisfy the

boundary conditions, Eqs. (8), which requirement yields

= glo(8%r)) + h vo(8%r)) an

te o®r

$ =glg(®%rp) + h Y (B%rp)

The solutions to this set of equations are

a |1 vy(8%ry)
== o 1
€8 |1 vg(ery)
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These coefficients determine R(r), from which we can calculate T(r) by the
relationship

T(r) = Tg - (a/8) + R(¥) (13)

Let us next examine the condition for thermal runaway and explosion.
Evidently under such circumstances there can be no steady-state solution
to Eq. (3), so the expressions for g and/or h must become singular. This
requires that the denominators in Eq. (12) vanish, which yields

Jo(8¥ir))  Yo(8%TD)

o) Y(8%12) as
as the condition for explosion to occui. FoT fixed 8 and 12 we take the
largest value of r) < ry which satisfies Eq. {14) as giving us the smallest
volume per unit length of a reactor of outer radius ry which would exhibit
thermal runaway under the reaction conditions specified by the parameters
making up B.

We retum now to consider reactors of finite lemgth . A Green's
function technique is well-adapted to establish the condition for thermal

runaway. The partial differential equation, Eq. (4}, becomes

5 far)+ 321 + Bt = -a 15)
W 37

1
T
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We shall construct the bilinear expansion of the Green's function for In the usual way (Butkov, 1968) we write G as a series in the eigenfunctions
1

this equation in terms of the eigenfunctions of the homogeneous equation, ¢, Orme
satisfying and boundary conditions identical to those given in Egs. (5). G(r,zfr!z") =;Z€m(r'z')¢m(r,z) (31)

13 fragy) + 3%t + Bt = -0 (1) This is substituted into Eq. (30), which, when we note that

T 31 222

S L3 Tony , 22m L, a2
and boundary conditions identical to those given in Eqs. (5). T Irs 3r 222 mn¥imn

yields :

This equation can be solved in the usual way by separation of variables;
.
- gy s .t _zt
one assumes that ¢, = R(r}Z(z) and substitutes in Eq. (16) to get, after ® mn) $m (£,2) G (21, 2") = §(r-17)8(2-21) (33)
division by RZ, The eigenfunctions ¢mm <an be shown to constitute an orthogonal
set in the usual way, as follows.
Lod e, Ld an
TR dr z dzZ V245 = -X{4;, irm,n (34)
9250 = _nies
This splits into an equation for Z, + Aj¢ (38)
Multiply Eq. (34) by ¢j, Eq. (35) by ¢j, and integrate over the volume of
2"+ M2 =0 (18}
the reactor to get

and one for R,

M r 22
f 0,926 dzrdrdo = .xi/]]‘ 9§ dzrdrde (36)
d dR.
4 P ¢ 0admw=o0 (19) J 4 i
The symmetry of the problem dictates that Z be an even function of z, which ./“[ﬁ"v%jdlrdrde = »ljf $j6ydzrdrde (37}
yields We subtract Eq. (37) from Eq. (36) and note that Green's Theorem,
Z = Beos VX Z (20}
) f/]wﬂxdv N -/]]5« . 7xdv
The boundary conditions require that v 4
cos(Vy~ 2/2) = 0 1) + fvvo~d§ 8
(V)

which yields
permits us to write
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The radial equation rearranges to
. ) = /] (Voj +Sey - 763 - T4;)derdrdo 39)
rfdR o+ TdR v ()R =0 (23)
arZ dr v
2 v &
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This is Bessel's equation of order zero, which has as its general solution (°J oL - 01 °J)
4 " s(V)
Ro= Mg(y'n) + BY (v'r), v = 22, (24)

The first integral on the right has zero for its integrand; the boundary

Our boundary conditions require that conditions require that ¢; and ¢ vanish on S(V), so the surface integral

R(rl) = R(rz) = 0 also vanishes, leaving us with the desired result,

§- A 6 =
so we must have [E5 ))f 63¢5dzrdrde = 0 ) 40)

y N We choose the Ap,; such that
0= A (vir)) + BY (y“rl) .
° ° (@s) o2 (¥, 2} rdrdz = 1 (n
0 = AJ(v7r,) + BY_(v7r))
° ° Next let us return to Eq (33), multiply both sides of the equation by

Non-trivial solution of these equations requires that $pq(r,2)r, and integrate over the reactor volume. This yields

Jo(v!f-rl) Yoty 26 (B - Apg)Chg(r,2) = Tépy(r,z) “n
=0
Jo(ylirz) Yu(y!irz) on utilizing the orthonormality of the eigenfunctions and the properties

of the é-function, so

This equation determines the allowed values of Yio Yo Yy ooee Yoo el Cpq(r"z')= £ g (', 20) 42)
The eigenvalues are then given by 8 - Xpq
= - 2
A= s v+ [@n-n/e]”, (27 and we obtain for G(r,z|r",z')
m=1,2,... G =§ z ST, D6 (2, 2') 43
n=12,... m N — .
8 - Am
Henceforth we append subscripts to A and B, and, from Eq. (25), note that !
B = -AmJg(ym'ﬁrl)/Yo(ym’érl) (28) Making use of the solving proverty of the Green's function vields
50 2 2/2 Zfio (r,2}é_ (r',2')dz"r'dr'
; ; ; ) tr,z) = o = (44)
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We are now in position to construct the Green's function for our Evidently the steady state solution does not exist when 8 = A, m =1, 2, ;
problem. The differential equation for the Green's function is n=1, 2, ... The first singularity occurs when 8 = x“, which gives
2
13 3G, 376G
5 (T3P * 552 + 86 = §(r-v') & (z-2) (30)
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where v; is the smallest root of

% 5
J (v*ry) v, (y'ry)
©° ! ° Yl (46)

P
I () Y ()

Eq. (45) therefore gives the condition for thermal runaway and explosion.

We note that as £ ~+ =, Yy > 8, so that Eq. (46) and Eq. (14) become

identical in this limit, as expected.

RESULTS AND DISCUSSION

A computer program was written to solve Eq. (14) for 1, given the
reaction parameters and r); this gives the smallest outer radius of an in-
finitely long annular reactor for which explosion should occur. The Bessel
functions Jg and Y( were calculated by means of subroutines from IBM's system 360
Scientific Subroutines Package (IBM 1970). Progressively increasing values of
1, were tested until the determinant changed sign; the increment in r was
then decreased and the process repeated. This procedure was continued until
the value of ry satisfying Eq. (14) had been determined with sufficient ac-
curacy. Calculation of the value of rp required about 4 sec. of DEC 1099
computer time.

Table 1 shows the effect of varying the inner radius of the reactor.
We see that to a good approximation the thickness of the annular shell is
independent of the radius of the inner tube. In Table 2 we see the results
of increasing the temperature of the reactor thermostat. As the temperature
of the thermostat increases, the increased rate of reaction necessitates
progressively smaller values of rp if thermal runaway is to be avoided,

The effect of increasing the activation energy is shown in Table 3.
Increasing the activation energy decreases the rate of the reaction, leading
to increasing values of rj, as observed. The effect of varying the 4E of the
reaction is shown in Table 4; as the reaction becomes more exothermic we
see the expected decrease in rp.

Changing the A factor of the rate constant produces a corresponding
change in the rate of heat production, with results as shown in Table S.
Variation in cj or ¢ produces exactly the same type of change, as one would
expect from £q. (1). The effect of increasing the thermal conductivity of
the reaction mixture is to increase the value of rz at which thermal run-
away occurs, as one would expect, and as is shown in Table 6.

In conclusion, we note that, within the limitations of our assump-
tions, Green's functions provide us with a convenient method for determin-
ing the conditions for thermal runaway in coaxial reactors, and that the
reactor of finite length can be handled with essentially no more difficulty
than the reactor of infinite length. We note that limitations on the validity
of the results are imposed by the physico-chemical assumptions that (1) the
composition of the reaction mixture does not change appreciably during the
course of events, and (2) heat transport is by conduction only.

The mathematical approximation made in expanding exp(-Ea/RT) in
ascending powers of 1 = (T-Tg) and keeping terms only through those linear
in t also imposes a constraint. We shall examine the coefficient of <2 in
the expansion of this exponential. We have

- 2. 0] (4N

E
exp (-Eg/RT) = exp [T‘TLO( S

2 exp(-E4/RTo
i Egt 2B Eq 0]
[+ jhyz * ~*Grerg - ®iys
The first term in the coefficient of t2 is surely much larger than the second,
since E; >> RTp for realistic cases, so that our linear approximation is valid
if 1/Ty is substantially less than V'ZRTO/Ea, Improvement of this approximation

requires attack on Eq. (1)} without linearization, which apparently can be made

only by numerical integration.

Table 1. Effect of Inner Radius on 72

ry (em) 0.5 1.0 6.0 10.0 20.0
Ty (em) 2.4 2.9 7.9 11.9 21.9
In these runs AE = - 174 kcal/mole, Ea = 24 kcal/mole, A = 7.9 x 10!%cn’

mole-lsec™l, ¢ = c; = 1.0 x 1.73mole/cn3, T = 550°K, K = 55,52 cal deg™!

1 -

Isec-l.

cm”

Table 2. Effect of Temperature on rp
) T (°K) 540 600 700
rp(em) 4.3 2.9 2.3

Here r) = 2.0cm and the other parameters are as in Table 1.

Table 3. Effect of Activation Energy on r,
’ E, (kcal/mole) 22 2 26
rp (cm) 3.0 4.3 7.4
Here T = 540°k, r) = 2.0cm, and the other parameters are as in Table 1.

¥

Table 4. Effect of AE on 1
BE (kecal/mole) -74 -174 -274
7 {(em) 3.5 3.0 2.8

Here Ea = 22kcal/mole, T = 540°K, r) = 2.0 cm, and the other parameters are as

in Table 1.

Table 5. Effect of A on 13

A (em3mole-lsec™! 7.9 x 1012 7.9 x 1013 7.9 x 1014
Ty (em) 6.4 3.5 2.5
Here AE = -74kcal/mole and the other parameters are as in Table 4.

Table 6. Effect of Thermal Conductivity on r2
K (cal deg-lem sec-1 50.0 55,52 60.0

rp(cm) 6.2 6.4 6.6
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