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A SUFFICIENCY CONDITION FOR POINTWISE CONVERGENCE

LYNDELL M. KERLEY
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Johnson City, Tennessee 37601

A sufficiency condition for pointwise convergence of

Walsh-Fourier series is established.
INTRODUCTION

Zygmund contains the following classical theorem

for trigonometric Fourier series which was established
by Lebesgue.

Suppose

h
(a) ‘érlFx(t)|dt = o(h) as h->0 where Fy(t)=(E£(x+t)+£(x-t)-2£(x))/2

and

7
) [ llFx(t)-Fx(t+nn'1)| " tat = 0(1) a5 5565,
T n~

Then Sn(f,x) converges to f(x) at each x € [0,7m] and {f (b) holds uniformly on

[c,d] < [0, rr] , then Sp(f,x) converges uniformly to f(x) on [c,d]_

The author will establish a theorem which is the
Walsh-Fourier series analogue of Lebesque’s result.
RESULTS
For the sake of clarity, the following definitions re-
lating to Walsh-Fourier series will first be stated.
Definition 1. Let n be a non-negative integer. The

Radamacher function r.» is defined for each real number

1 1f x € C2p2-7-1, (2p+1)277-1) for some p = 0,1,...,2"-1.
ra(x) =
1 if x € [(2p+1)2-7=1, 2(p+1)2-"-1) for some p = 0,1,...,2"-1.

Definition 2. The Walsh Function Wo is identically 1.
For each positive 1nteger n, '

Un(l() - rnl(x)rnz(x)”'rns(x)r x € (o3, 00)

- where n = 2"l 4 co0 4 2"S and ny > “2) sie ¥ n,% U,

1
n~-1
Definition 3, S,(x) = S,(f,x) -2___ cW(x) where cp = { f(t)W(t)de.
k=0
n-1
Definition 4. Dp(x) = > Wi(x).
k=0

For a study of many of the properties of W.alsh-
Fourier series, we refer the reader to Fine. Interest_mgly
enough, many of the results that have been csta})hshed
for Walsh-Fourier series have older trigonometric ana-
logues. The proofs of their results, however, are not
routine extensions of the trigonmetric. Instead, the
proofs often take on a flavor peculiar to the study of

Walsh series. |
In the statement of the theorem which follows, there

is a striking similarity between it and Lebesgue:’s r?sult.
This is even more readily seen since the following iden-

tity holds:
EGt) - F(x) = (E(xkt) + EQek(-£)) - 2£(x))/2.

2-n

(a) f IF, (t)l dt = 0(2"%) as n-» o where Fy(t) = f(x-;-t) - f(x)
0

and

1
(b) f [E L) -~ B (L + Z'H'I)I e-lde = o(1l) as n=> 2,
2-1'1

Then S (f,x) converges to f(x) at each x ¢ [0,1). Also, 1f f {3 continuous on

[ ¢,d] < [0,1) and (b) holds uni{formly on [c,d] , then S (f,x) converges
uniformly to £(x) on [c,d] .
Proof, For every positive integer n, there is a k which satisfiles

Zk < n< 2k+1. Put m = n - Zk. Then m 2 D and m< Zk. Fine has shown

that D, = Dzk + WyDp,. In particular,

Sn(f,x) - f(x) -{) F (t)D(L)dt

1 1
- g’ Fy(t)D,k(t)de +é” Fx(t)Wok(t)Dp(t)de

o=k

O

conscquently,

- of Z-k)

v 0(1) as k> o0. (1)

Moreover,

1

B, = b{ Fy ()W, (£) Dy (t) dt

- [
0

L]

k
1
Fo(t)r (t)D (t)dt + zf-k F, (£)W (t)D(t)dt




o
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Furthermere, ve know [rom Flne that |Dg(2)l <€ ¢! for t ¢ (0,1). Hence by
]

Before estimating Bk, we examine D= in more detail.

Now hypothesis, ve conclude that
1

=1 2) 5 k- 1y) -1
0 (v) =3 ¥(t}, and for each integer ), subject to the restriction 18 < .{;k 1P (t) - P {t 4+ 2°k-1) e-lae

30

- 01 g k>,
0 §J< < 2%, the corresponding Walsh function, Wy, is constant en (1) = k (2)
-k~ k-1 1) Ler. Ind Ed. slrnce ID,(E)) El and m<€ 2 » ¥e conclude ¢l

[ p27%, (1)27%), for p=0,...,2" = 1. Hence t ¢ [2p2 Lo@en2h gstimating 83)) L9 easter. Inde e e that

:-k
toplies D.{l:'} - n-(t+2'k"1} - Dl(lpz'k'l} . H!EHIE J: JR (E)1 ) D) de "

3¢
k
<2 iIFRdUlde
k 0

Using this fact and a change of variables, we obtain E"*'(' ol (03] 8
0

a 2%o(2-K

1 Therefore from (2) and (3), we see g
{2 - fk F(O)W(8)Dg(t)dt By = 0(1l) as kD>,
2 Then from (1) and (4), it follows that
ZE-I {2?1)2"k—1 (sz)z_k_l Sn(f’:{) = f(X) = 0(1) 33 k_} oo &
- ( F (t -
=l 2p2-k-l =t DalE)de (25+1)2-k-1 Fx(t)Dn(t)dr) LITERATURE CITED
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ABSTRACT INTRODUCTION |
Nitrites are known to form carcinogenic and/or muta- In 1974, Tannenbaum, Sinskey, Weisman and Bishop

: .. . i from more than

genic compounds under certain conditions. A modified rf:',por_'ied_ t_hat a study of saliva samples Ir £ itrite

oo i , thod o d . 100 individuals revealed an average of 6 mg ol mitnt

diazotization and coupling metho “p plied to di uft"d per liter of saliva, corresponding to four times the esti-
saliva samples has been found convenient for screening

mated intake of nitrite from exogenous sources. Their
tests, and for identifying factors that produce marked observation prompted the authors to begin a studyiﬂf
changes in nitrite levels. Among students in two East the nitrite concentrations in the different popll!&t_lﬂn
Tennessee colleges, saliva nitrite levels were somewhat group available to us. Damage to hemoglobin by nitrites
lower than for the Massachusetts group studied by Tan- has been known for years, but the possibility that nitr}tes
nenbaum et al, but almost all did have significant react in the digestive tract with amines to form carcino-
amounts. Among factors affecting these levels, eating

genic nitrosamines causes even greater concern (cf.
turnip and mustard greens as part of a regular meal Wishnook, 1977). Some nitrosamines are so potent that
increased the nitrite levels more than three-fold even as

even traces might lead to a significant number of cases of
long as three hours after the meal. cancer.

MATERIALS AND METHODS

A simple, ecasy method of analysis for the nitrite concentration
in saliva was needed in order to make practical surveys of various
groups of persons to determine whether there are significant
differences between high risk and low risk groups and to detect
causes of major changes in nitrite levels. In view of the range
of biological variation anficipated, extreme precision was not
required. Colorimetric analysis seemed most likely to provide
the convenience nceded, After comparison of several analytical
methods (Sawicki, Stanley, Pfaff and D’Amico, 1963), a version
of the Griess diazo reaction (cf. Jacobs and Hochheimer, 1958;
Kamphake, Hannah, Cohen, 1967) was worked out.

The color reagent contained 0.3 g of I-naphthylethylenedia-
mine hydrochloride, 6.0 g of suifanilamide and 40 m! of
concentrated phosphoric acid per 100 ml of aqueous solution.
Working reagent was prepared by mixing 4.6 ml of 1.0 N NaOH
with 16 ml of color reagent. Saliva samples were collected in
small plastic containers and diluted with nine or more times
their weight of distilled or dejonized water. A blank consisting
of 3.5 mi of the diluted saliva and 1.0 ml of water was used 1o
set the spectrophotometer zero and 1.0 ml of working reagent
was added to 3.5 ml of diluted saliva for the reading at 520 nm.
A small correction was applied for absorption by the working
reagent. The absorbance obeyed Beer’s Law satisfactorily over
the range to be used.

Dilution factor: Since it was necessary at times to dilute by
different factors, a sample of saliva was divided into four parts
and each part was diluted by a different factor. The resuits
shown in Table 1 indicate both the minor variation introduced
by change in dilution and the uniformity of sampling.
TABLE 1|: Effect of dilution factor on quantity of nitrite
found.

Dilution Factor NaNO: Found

10 3.2 ppm
1S 3.2
20 3.3
25 3.7

Delay factor: It was expecled that the measured nitrite level
would undergo some change on prolonged standing. A sample
of saliva was diluted by a factor of 10 and divided into 9
portions which were analyzed at ten minute intervals. Results
show that the change was negligible during the first thirty
minutes, The stability of the color was tested also and found
not tg present any problem up to at least sixty minutes,

Effect of centrifuging: Nineteen samples were collected and
diluted in the usual way. Each sample was then divided into two
portions and one portion was centrifuged fifteen minutes in a
Vari-Hi Speed Centricone Centrifuge; then both samples were
analyzed. Ninety percent of the centrifuged samples gave results

in the range of 1.00 to 1.23 times those for uncentrifuged ones,
with a median ratio of 1.09/1.00.

RESULTS AND DISCUSSION

A set of samples provided by twenty 16-18 year old
high school students who were eating regularly in the
Carson-Newman College cafeteria during the sumemr
of 1975 were tested by the modified Griess method using
samples centrifuged after 10 fold dilution with the re-
sults shown in Figure I. Note that 20% of the group
had nitrite levels below 2 ppm and the highest 20% had
levels about 14 ppm, while the median was 6.3 ppm.
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FIG. 1: Nitrite content of saliva samples from 20 high
school students who ate in the Carson-Newman Cafe-
leria.

Text-figure 2 shows nitrite concentrations found in
saliva samples from 78 individuals associated with Wal-
ters State Community College. Specimens were taken
one hour or more after meals. Subdivision into groups
did not reveal marked differences on the basis of time
when samples were taken (morning or afternoon), sex,
county of residence, or age. In view of the fact that
carcinogens may be especially dangerous when admin-
istered to young animals, it is a matter for concern that
the eight small children, ages 3-6, had nitrite levels of

0-19 ppm in saliva samples collected two hours after
breakfast.
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FIG. 2: Nitrite content of saliva samples from individ-
wals associated with Walters State Community College.




