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ABSTRACT

Aqumi—basisofaleﬁk-moduleMisdcﬁncdas
subset B of M such that every mapping B-F,
where F—=zF s (Levy) torsion-free m)ectlve, has a
unique R-linear extension M—F. In an earlier paper
the author gave an internal characterization of quast-
bases of modules over rings satisfying the common

INTRODUCTION

A free (unitary left) R-module M—gM is said to be
of rank n if it has a basis of cardinal n. The rank is
not necessarily unique, but is unique if n is infinite
(Cohn, 1966). The ring R is said to satisfy the in-
variant basis property (IBP) if the rank of every free
left R-moc[ule is unique. Dieudonné (1942) proved that
;I;;:P following conditions are sufficient for R to satisfy

(1) R is commutative.

(2) Ris (left) Noetherian.

(3) Ris imbeddable in a division ring.

(4) R is imbeddable in a ring admitti i
commCien g admitting a series of
Any (left) Artinian ring with uni is  (leff

i t
Npethcnnn (Lamb?k. 1966), hence satiszs IBP.( Wl
will make use of this fact in proving the theorem stated

as the title of this paper. The interested reader wi
further sufficient conditions in Cohn (1966)(.“ il find

ASSUMPTIONS

In this paper all rings are assumed i
elements, and all modules are left uenita‘r(;'. h’?‘;: :2:ty
tion M=yM is used to mean M s a unitary left l:-
:oc:uleu. b‘:e :qu;sn—lf)asrj: of a left R-module M was deﬂnec;

8 of such that every mapp;
(where F=Fy (Levy) torsion-free yinject‘;lv,:;g l::?F
unique R-lm.ear extension M—F (Pleasant 1972). 0 .
aring R ?alxlfying the left common mulﬁp'le pro Py
quasi-basis of M=y3M was shown to be chan:\ctel?e r:‘y. -
the properties (a) B is linearly independent and (125 o
submodule <B>> of M generated by B is "‘vi(al" intlltz

versity
37601

(A submodule M’ of M is vital in M if for ¢
me M — M, therei s a regular element (je. non
zero-divisor) T ¢ R such that rm ¢ M’). Recently the
author has learned of Megibben’s use of the terminology
quasi-basis of an abelian group G to mean a maxima]
independent subset of the set of elements of G having
infinite order. It is easy to prove that this is a specia]
case of the above definition.

A module M—xM with a quasi-basis B will be calleq
quasi-free of rank n — card B. A ring R over which
all quasi-free modules have invariant rank is said to
satisfy the invariant quasi-basis property (IQBP). The
purpose of this paper is to prove that semiprime Goldije
rings satisfy IQBP. This strengthens Theorem 4 of our
earlier paper (Pleasant, 1972) which stated that any
integral domain satisfying the left common multiple
property satisfies IQBP. It also generalizes Megibben’s
result establishing invariance of rank of an abelian
group. Since any ring satisfying IQBP obviously satis-
fies IBP, our result yields as a corollary the apparently
unknown fact that semiprime Goldie rings satisfy TBP.

RESULTS

1. Some Preliminaries. The following lemmas and
corollary are needed in the proof of our main result.

Lemma 1. If M’ is an essential submodule of
M=yM and m ¢ M-M’, then the set A = { acR /
ameM’} is an essential left ideal of R.

Proof. 1t's easy to see that A is a left ideal. To show

A is essential (i.e., A intersects each nonzero left ideal
of R non-trivially), it suffices to prove that for every
beR — A there exists b’eR such that 0 7 b'beA. So
let bR — A. Then bm is not in M-M’. Since M’ is
essential in M, there exists b’¢R such that 0 £ b'(bm)
= (b'b)meM’. Thus 0 o2 bbeA.
_ Goldie (1960) proved that for a semiprime Goldie
rII“B R, every essential left ideal E of R contains a reg-
ular element. Combining this result with Lemma I,
we have the following corollary.

an)(:",ers ‘;g:triya'l Lel: R be a semiprime Goldie ring. Then

Vital in o uomodule M of a left-R-module xM
In Levy's (1963) torsi

orsion theory, an element m of 8

'szf:n:{-module M is a torsion elg;lent if rm = 0 for

regular element r of R, and M is torsion-free if it

" ’

e

—n

AT
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contains no nonzero torsion elements. If rM — M for
each regular r ¢ R, then M is said to be divisible. A ring
Q is called a left kuotient ring of a ring R if (1) RCQ,
(2) every regular element of R has a two-sided inverse
in Q, and (3) every element of Q has the form r—la
where r,aeR with r regular.

Lemma 2. If R has a left quotient ring Q and
M — gM is (Levy) torsion-free divisible, then M is a
left Q-module under the scalar multiplication: for
r1aeQ and meM, (r—'aym — m’eMz=am — rm’.

Proof. Divisibility of M assures that some m’'eM
satisfies this definition, while torsion-free-ness implies
uniqueness of m”. The axioms for scalar multiplication
are easily verified.

2. The Main Result. In the proof of the following
theorem we use the fact that the quotient ring Q of a
semiprime (left) Goldie ring R is (left) Artinian
(Goldie, 1960.) Theorem 4.4, hence satisfies IBP.

Theorem. A semiprime Goldie ring R satisfies the
invariant quasi-basis property.

Proof. Let M — gM have a quasi-basis B = {x;} ;I
and let F — gF be the injective hull of M. Since M
is essential in F, we see from the corollary to Lemma 1
that M is vital in F. Then since <B>> is vital in M
which is vital in F it easily follows that <B>> is vital
in F.

Let us comsider first the special case 1m which X = X is (Lewy)
torsion-free. Then F = ll"‘ is torsion-free ([8 ] Lemma 1) and divisible [IOON
Theotem 3.1), hence by Lesma 2 becomes a wodule &F over the left quotiemt ring
Q of R under the scalar multiplication (r~la) x = yoax = rv where r la€Q and

x,y€F. We claim that 8 = i‘lj feg 1s a basis of Q}'. TO see that B gemerates

fr Sommider x¢F. Stoce(B) {8 vital in gF, there is & regulac clemeat © 1
a
R such thet ex€CB, say rx =) a;x; where a; € R, x3€ B, Thus we have
=1
-1 T ol
x o v i) -{Zl(r ag)xy, where r-lagc Q. To see that B is linearly iwde~
.

pendent over Q. suppose that (rl".,:xl o ﬁr.“q‘)xu = 0 where vy la ¢ 0

and x; € B. Then there exist elements ¥y, ..., B, and & regular elememt ¢ at

R such that ¢ iy = rilay, t 21, ..., b ([6), Leama 1.3). Thus ve hove
e x4k (Clagx, = e lGx s L x) = 0. 1€ follars from the
definition of scalar multiplication in oF that & x+ cootigm = 0, so that

3j= ... =i;=0 due to linear independence of B over E. Weace r,"laj = 0 for

L =1, ..., 0 as desired. We have shown that B is a basis of ql‘. a module over
a (left) Artinian ring Q. Sioce Q satisfies IBP, we conclude that amy twe
quasi-bases B and B' of M, being bases of (F, must have the same cardiaality.

For the case where M = ‘H is ot necessarily torsiom-free, let T be

the (Levy) torston submodule of M. Then M' » M/T 1s torsiom-free, hemce

satisfies 1QBP. 1f B, = {-d 1er 8 By {7y} o are quast-bases of N, it 18

hat 3%) = * - -
easy to show that B*) ix‘v‘[}"‘-d!_ 75 * T} jog 2re mast-bases of
¥", 20 that card 87} - card 37 But since card 3, = cand 5T for £ 21,2,

this vields card 3, = card B,.
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ABSTRACT
Two ponds in south Shelby County were compared
with respect to algal flora and ecology. Thirty-nine

genera of algae were collected and identified and ob-
servations were made regarding the physical and chem-
ical conditions in which they were found,
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