= oaw

— LW W e W

i FYwe s

el ol s L R L A e T

L OF THE TENNESSEE ACADEMY OF SCIENCE
Volume 28, Number 2, April, 1953

HYPERGEODESICS WHICH HAVE NO CUSP-AXES'
M. L. MAacQUEEN
Southwestern. at Memphis, Tennessce

JOURNA

1. Introducbion. The curves defined on a surface S by a differentisl equation
O e e————

of the form
(1.1) vim A+ BV + e+ vt

9 eee

< (vie &, ..,
du

in phich the coefficlents A,B,C,D are functions of u,v, are called hypergeodesics., The
envelope of the osculating planes at & point Py of all the hypergeodesica (1,1) that
pass through P is a cane which is ordinarily of the third clase. In this case the cone
has three distinct cusp-planes which intersect in a line called the cusp-axlds of the
hypergeodesics ab the point Px We are concerned here with the situation in which the
cone is of class two and has no cuup—a?d.a.

Two families of hyperpgeodssics,called (0-— and O~ tangeodesioa,mhich have no
cusp-gxadhava been introdubed. ind studied by Bell [l; p.575]1. These curves are found
to be assocleted in an interesting menner with the edges of Ureen, the directrices of
Wilezynekl, snd the projcctive normal of Fubini., It would seem to be of interest to
pursue theso ideas further to include the investigabion of other familles of hyper-
geodesics for which the emvelope of the osculating planes of all the curves of the
family that pass through a point is a come of tho second class, In this paper we intro-
duco three examples of such fan;i.ueu of hypergeodesice and glve new geametric character—
izations for the scroll directrices of Sullivan and certa:L.n clesgical canonical lines.

2, pnalytic basis, Let the differential equations of an analytic non-ruled
surface S in ordinary projJective space be written in t;ne mb:l.ni canonical form [2; p.69]
xS B 0% * ﬂxv 5
X =l axir 7::“ + ovxv ©= hg/g),),

(2.1)

We pelect an ordinary point Px of the surface S as one vertex of the usual local tetra-
hedron of reference, When a curve (i‘ through the point Pz 15 regarded as being embedded
in a one-paramster family of curves defined by the equation

(2.2) av -~ A(u,v)d = 0,
the local equation of the osculating plane st the point P, of the curve cA 1sv
(2.3]_ 2?\(;\:2 - :;3) + (}\'. + B —vOuA - Ov?tz -}v\s):h =0,

in which we have placed ?t’-) +AA .
T u v
"Numbers in brackets referlto the references cited at the end of the paper.
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Two lines (l(a,b), zz(a,b) are reciprocel lines [2;1::.8%] at a point P _of a
surface if the line ( l(a,b) Joins the point Px and the point y defined by placing
Y= -ex, - bxv + xuv
and the line lz(a,b) joins the points o, &~ defined by
("=xu—bx, ”"=xv—ax,
where a,b are functions of u,v. As the point Px varies over the surface, the lines
(l(a,b), (;(a,b) generate two reciprocal congruences r;_, rz‘,respectively.
The two reciprocal lines [l(a,b). {2(a,b) are canonicel lines [l(k), [é(k) of
the first and second kind respectively in case
a= -kY¥ , b= -kcp,
where k is a constant and <P, Y aro defined by
2 2
g = by, V= wospy)
Caronical lines of the first kind lie in the canonical plane whose local equation is
(2.4) ¢)x2 - 'Wxs =0,

A curve Ck of the family (2,2) is a hypergeodesic on the surface S if the
function A satisfies a differential equation of é:e form (1,1). The cusp-axis of the
hypergeodesics is the lins ll(a,b) Joining the point Px to the point (0,~a,=b,1),where

a=%6 +C), b= é(ou - B).
The class of the cone reduces to two if elther A + [5 or D -7 is equal to zero
(but not both), and in this case the cone has no cusp-axis, Uoreover, the class of the
cone reduces to one, so that the cons becomes a straight line if, and only if, A+/3 -
D -‘y = 0. In this case the hypergeodesics (1.1) are the union curves of a general
congruence "_l"

3. Hypergeodesics which have no cusp-axes. We now suppose that the class of
the cone is two 8o that the family (1.1) of hypergeodesics has no cusp-axis at the
point Px. With Bell [l;p.577] » we call the famlly of hypergeodesics represented by the
differential equation
(3.1) A= A+ BJ." + claz + nlk 3,
where A = -A blsf'y, au—&hﬁlmgw o Similarly, the dif-
forential equation
(3.2) A= A2+BZA + czr\z + DZAB,
where Azf-ﬂ o Dzﬂ’y, may be regarded as representing a v-polar family of hyper-
geodesics,

By meens of equation (2.3),together with equation (3.1), wo find that the osc-
ulating plane at the point Px of a hypergeodesic curve (3,1) has the local equation

(3.3) . Q% -x) + o) -0 +20c) ¢ o)A 4300 - )A"’th 0,
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the u-polar famil.
The envelope of the osculating planes at Px of all the curves of the u-polar y

(3.1) is found from equation (3.3) to be the non-degenerate quadric cone whose equa~
o1) 1s

tion is . 2 ]
= O -B.)x [x =0,
(3.4) [2::2 v (0, + cl)"a] + 40, =) [2"3 + (0, -3B) Wies)
In a eimilar manner, the envelope of the osculating planes of all the hypergeodesics
a
t4.
of the v-polar family (3.2) through P, 1s the quadric cone whose equation is
- 2 + (0 +C )x ]x -0,
(2:0) [2’:3 + (6, - Bz)xz,] L(A_Z +F)[ o e 5470
The vertex of each of these cones is, of course, the point Px. The cone (3.4)
i tangent to the tangent plane at the point Px of the surface S along the v-tangent

at Px' while the cone (3.5) has the u-tangent at Px for its line of contact with the

tangent plane of the surface.
The polar plane of the u-tangent with respect to the cone (3.4) intersects

this cone,besides in the v~tangent at Px, aleo in a generator which is called [l; p. 578]
the u-edge of the u-polar family (3.1) of hypergeodesics at P The u-~edge is the
1line ll(a,b) for which a and b are given by tre formulas

(3.6) a= 46 + ¢))» b=, - B).

Similarly, the polar plane of the v-tengent with respect to the cone (3.5) in-
tersects this cone in the u-tangent and the v—edge of the v-polar family (3.2) at Px'
The v-edge is the line ll(a,b) for which
(3.7) © e=k0 +0C,), b=%0 -B).

The tangent plane of the cone (3.4) along the u-cdge intersects the tangent
plane of the cons (3.5) along tho v-edge in a line which is called [1;p.579) the joint~
odge of the two families (3.1),(3.2) at Px' The Jolnt-edge is the line ll(a,b) for
which
(3.8) a=2(0 +C,), b=i0O ~ B )

The polar plene of the u-tangent at P 'x With respect to the cone (3.4) inter-
sacta the polar plane of the v-tangent at P with respect to the cone (3.5) in a line
callad [l: 9-530] the polar-axls of the two families (3.1),(3.2) at P+ The polar-axis
ip the line (l(a,h) for which
(3.9) a=%0 +C), bale - 32).

The plene determined by the u-edge and the v-edge of the two families (3,1),
(3.2) interseocts the canonical plene in a line [1(3-"b) for which

(3.10) a=EkY¥, b=xd,
where K is defined by
(3.11) k= 3 O+ )0, -8) - (6, + C)(0, - B,)

.

Y(s, - )+ <p(cl - Gp)
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This 1line will be called the planar edge of the two families (3.1),(3.2) at P

4. Applications, In this section three examples of u-and v-polar families of
hypergeodesica will be adduced and studisd. In the first place, the equations of the
asymptotic osculating quadrics Q‘1 and Qv [2;p.80] at a point Px of a curve C, of the

A
family (2.2) on the surface S are,respectively.

2 Aa(xzx3 = ﬁxk) + 2ﬂ‘1xh(x3 -A ::2) + Cx =0,

(4e1)

DE N

2(::2::3 = xlxh)' S 2-,2. :1:k(:r.3 - sz) + Dx =0,

S

where we have placed

¢ =(3[r\' =B+ (<P - ou),\ - (Y- ov)(\2] -(ﬁy + ouv)A,a,

(4e2)
p=y[-A"-yA% + (- ov)az.- 2f -9 n]-(By +o,).
The quadric of Wilezynsid, represented by the equation
2
(4e3) ::c:ax3 - xlxh -} Ow x = o,

and the asymptotic osculatine quadric Qv intersect, besides in the asymptotio tangents
at the point Px , also in a conic which liea in the plane whose equation is

' 2
(ho) 2A(Ax, - %) + [-A7 +p3 «(£-0)a+ ¥-02 +/\2ﬂ x= 0.
This plane colncides with the osculating plane (2.3) at the point Px of the curve C

A
ifr, and only 1f, the curve O, is a hypergeodesic of the u-polar family (3.1) for

A
which
(4e5) Ay==( ,B =0 -9, ¢ =3¥-0,,0D =0

If the asymptotic osculating quadric Qu 1s‘used in place of Qv’ the plane con-
talning the residual conic of intersection of the quadric (4.3) and Qu coinoldes with
the osculating plane of c,\
family (3.2) for which

o6 a -0 - - -0 .

(4+6) 4,20, B, =6 -3f, ¢ =Y-0, D =y

Application of the results of _§ 3 to the two famllies of hypergeodesics thus

at Px if, and only if, c’\ i1s a hypergeodesic of the v-polar

defined on 5 leads immsdiately to the following statement:
At & point on g surfacs, the u-edge of the u-polar family (3.1) of hyper -

of Sullivan. The Joint—edge of the iwo families is the first directrix of Wilozynsid,

the poler-sxis is the first edge of Green, and the planar edge is the first cenonicsl
lne with k= - 3/8. ‘

Another example of u-and v~polar families of hypergeodesics may be adduced in
the followlng way. Let us consider the quadric of Wilezymeld (4.3) and the principel




ts
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quedrica of Lane [3;p.705] representsd by the equation

= g =0 !
(Lo7) x2x3 i xh( '331 = i&xz é‘//xa + khxh') (klt arbitrary )
By eliminsting X, from equations (4.3),(4.7) and settimg the discriminant of the re-

sult equal to zero, we obtain

- w1l -
(4.8) kh g?v/
Thus the principal quadric for which the coefficient kh is given by (4,8) is character—
1zed peometrically by the property that it intersects the quadric of Wilczynski in the
asymptotic tangents through Px and in'a .reaidua.l pair of straight lines instead of a
residual non—singular conic.

The asymptotic osculating quadric Qv for a curve c,l intersects the principal
quadric (4.7) for which kh is defined by (4.8) in two straight lines, besides the
asynptotic tangents at P, 1f, and only if, CA is a curve of the u-polar family (3,1)
of hypergeodesics for which the coefficients are given by
(4:9) M=-fs =0~ 3f.c =¥ -0, =2y,

When the asymptotic osculating quadric Q“ is used similarly in place of Q',
cl‘.'is a curve of the v-poler family (3.2) of hypergeodesics for which the coefficlents
are glven by
(4.10) A= 2f, Bz-on-i&, c, = gw_gv , D=y

We now apply the results of § 3 to obtain the following conclusion:

At a point on a surface, the u-edge of the u-polar family (3.1) of hypergeo—
deaics for phich the coefficiemts are given by (4.9) is the line ll(a,b) with

a= 1 , b= 3d,
L ¥ 4 14
The v-edge of the v—polar family (3.2) for which the coefficients are given by (4.10)
1o the 1ime  (a,5) mith

a= %1}/, ba 1(,0.

The Jolnt-~edge of the two families of hypsrgeodesios at P, is the ocanonical line [(k)
for which k = - 3/4, the polar-axls is the first edge of Green, and the planar edge 18
the first directrix of Wiles ynsid ,

L. Green [h;p-559] has defined an axlal quadric at a point P, on a surface to
be a quadric,not belonging to a Moutard pencdl, which has second order contact with the
surface at the point Py for which the three oaéu.lating Planes at Py of the curve of in-
tersection of the quadric with the surface are coaxial in a line (callod the axis of
the quadric. Moreover, he has shown l;,;p.561] that the asymptotic osculating quadrie
Qy at a point of a curve cR snomhere tangent to a curve of Darboux, is an axial quadric

if, and only if, Ais 4 solution of a differentisl equation of the form (3:1) in which
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the coefficlents are defined by
(%.11) A= B =0 - %4). cl-iwp-ov, D= -7,
similarly, the asymptotic osculating quadric Qu of (h in a non-Darboux direction
at Px is an axial quedric in case A satisfies equation (3,2) for which the coefficients
are given by
(e12) bmf s By=0 =P, o= Y -8, D=y
Green has written the equations of the quadric cones which are the envelopes of
the osculating planes at Px of the u-and v-polar hypergeodesics thus obtained. Moreover,
he has shown that the polar—axis of the two families at Px 1s the firet edge of Green.
To these results we may add the followdng statemsnt:
hypergeodesics for which the coefficlents are defined respectively by the formmlas
(4o10), (4 12). The u-sdgs ie the lne ((a,b) for which
am= 71; ¥, b- {_2 &,
and the v-edge 1s the line [l(a,b) for which
am ba Lg/,
LW b ?

The joint-edge of the iwo famllies is the canonieal line (,( - 5/12), which has been

REFERENCES

1. Bell, P. O. 1943. New systems of hypergeodesics defined on a surface.
Bull, Amer. Mathematical Soc., 49:575-580.

. Lane, E. P. 1932. Projective differential geometry of curves and surfaces.
Chicago.

. Lane, E. P. 1932. Invariants of intersection of two curves on a surface.
Amer. Jour. Math., 54:699-706.

. Green, L. J. 1943. The axial quadrics of a surface. Duke Math. Jour.,
10:557-564.

A WON




